This MICCAI pa

by the MICCAI Society. It is id

ris the Open A

the acce

version, except for the format and this watermark; the

M ICCAI final published version is available on SpringerLink

Bayesian Topological Analysis of Brain Networks

Xukun Zhu!0009-0001-2110-4904] \fichael W. Lutz2[0000-0001-8809-5574] oy,
Tananun Songdechakraiwut?[0009—0008—5637—2811]

! Department of Statistical Science, Duke University, USA
2 Departments of Neurology and Pathology, Duke University School of Medicine,
USA
3 Department of Computer Science, Duke University, USA
songdechakra@wisc.edu

Abstract. Subtle alterations in brain network topology often evade de-
tection by traditional statistical methods. To address this limitation,
we introduce a Bayesian inference framework for topological compari-
son of brain networks that probabilistically models within- and between-
group dissimilarities. The framework employs Markov chain Monte Carlo
sampling to estimate posterior distributions of test statistics and Bayes
factors, enabling graded evidence assessment beyond binary significance
testing. Simulations confirmed statistical consistency to permutation test-
ing. Applied to fMRI data from the Duke/UNC Alzheimer’s Disease
Research Center, the framework detected topology-based network differ-
ences that conventional permutation tests were unable to reveal, high-
lighting its enhanced sensitivity to early or subtle brain network alter-
ations in clinical neuroimaging.
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1 Introduction

Persistent homology [5] has emerged as a powerful framework for characteriz-
ing brain network topology in neurodegenerative diseases, capturing multi-scale
network organization through persistence diagrams and Wasserstein distance
metrics [921]. To statistically compare these topological representations across
clinical groups, permutation testing remains the standard approach for group
comparisons in neuroimaging, providing non-parametric inference without dis-
tributional assumptions [6JI7/19]. However, permutation tests yield only binary
significance decisions at predetermined thresholds and require computationally
intensive resampling for large datasets [12].

Bayesian statistical inference [II] offers a framework that addresses these
limitations. By probabilistic modeling of network dissimilarities, Bayesian meth-
ods provide complete posterior distributions rather than point estimates, en-
abling evidence assessment through Bayes factors that quantify the strength of
evidence for competing hypotheses and uncertainty quantification via credible
intervals [I0/I4]. While frequently used for network topology inference [IIIE],
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Bayesian methods are rarely applied to group-level topological testing. However,
Bayesian hypothesis tests can match the statistical power of classical permuta-
tion tests while providing richer posterior information [16]. Therefore, we propose
a Bayesian inference framework to test topological dissimilarities.

The main contributions of this paper are as follows. 1) We present a Bayesian
inference framework for comparing brain network topologies that models topo-
logical dissimilarities and provides posterior distributions, Bayes factors, and
credible intervals. 2) We validate the proposed framework using simulation exper-
iments, confirming it has same statistical power with permutation testing. 3) The
method is applied to resting-state fMRI data from the Duke/UNC Alzheimer’s
Disease Research Center, demonstrating enhanced sensitivity in detecting amy-
loid and tau pathology-related network alterations compared to permutation
testing. The code is publicly available at https://github.com/XukunZhu-6/
Bayesian-Topological-Brain-Networks.

2 Methods

2.1 Topological Distance and Group Dissimilarity

Each brain network is represented as an undirected, weighted graph derived
from functional connectivity. We employ persistent graph homology (PGH),
which captures interpretable topological invariants, connected components (0-
homology) and independent cycles (1-homology), across the entire range of edge
weights using closed-form computation [20]. Given a functional connectivity
graph G = (V,W), where V denotes the set of brain regions and W = {w;;}
represents pairwise functional connections, we define a sequence of binary graphs
G by applying thresholds to the weights: an edge (7,7) exists in Ge if w;; > e.
As € increases, a nested sequence (filtration) of graphs is formed: G, 2 G, 2
<+ D G, where ¢g < € < --- < ¢ are filtration values.

PGH tracks how topological features emerge and disappear across filtration
levels. A feature born at b; and dying at d; is represented by a point (b;,d;) in a
persistence diagram [5]. As € increases, the number of connected components Gy
increases monotonically, while the number of cycles 5, decreases monotonically.
This monotonic behavior ensures that it suffices to record only the birth times of

connected components and the death times of cycles: In(G) = {b; Kll_l7 L(G) =

{dl}llil\Vl(lV\—?))/ 2, Therefore, we represent the persistence diagram using birth
sets for connected components (Ip) and death sets for cycles (I7).

The topological distance between two networks G; and Gs is defined as the
combined Wasserstein distance [3] across graph homology dimensions:

Wtop(Gh G2) = Wop(G1,G2) + Wip(G1, G2), (1)

where Wyp and Wip measure dissimilarity in terms of connected components
and cycles. The Wasserstein distance for connected components is defined as:
Wop(G1,G2) = ming, > Zper 6 16— 70(b)||?, where 7y is a bijection between
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the birth sets Io(G1) and Ip(G2). Similarly, the Wasserstein distance for cycles
is defined as: W1p(G1,G2) = minr, 3 q, ) ld—1 (d)||?, where 71 is a bijection
between the death sets I1(G1) and I;(G2).

Let X = {X;,...,X,,} and Y = {Y1,...,Y,} denote two groups of brain
networks (e.g., Alzheimer’s disease patients and healthy controls). We quantify
group-level dissimilarity by computing pairwise topological distances between
networks. The average within-group distance is defined as:

= Zi<j WtOP(XhXj) +Zi<j WtOP(Yth)
Dw = , P
W GEI =

which measures the typical topological variability within homogeneous groups.
The average between-group distance is:

Dy = 33 Waop(X0,¥y), (3)

i=1j=1

reflecting the topological distinction between clinical populations. We use the
individual pairwise distances d}"i*hi® = W, (X,, X;) for all pairs within groups
and d}?etwee“ = Wiop(Xi, Yj) f_or all Cross-group pairs as observed data, rather
than the averaged quantities Dy and Dp.

2.2 Bayesian Inference Framework

Let dy, = (dy™™hin, . d¥ithiny and dy, = (dyet™ee, ..., dbetveen) denote the vec-

tors of all observed within-group and between-group topological distances de-
rived in Section 2.1 where ny, and ny, represent the total number of within-group
and between-group network pairs, respectively. Given the complete dataset of
observed distances d = (dy, d},), we propose a Bayesian inference framework to
quantify uncertainty in group differences.

Wasserstein distances are strictly non-negative and often heavy-tailed. Stan-
dard Gaussian models introduce estimation bias by assigning probability to
invalid negative values, particularly for high-variance topological features. We
therefore employ a Gamma likelihood to capture this intrinsic asymmetry [19].
Correspondingly, we assign Log-Normal priors to the expected distances. This
specification enforces parameter non-negativity and naturally accommodates
heavy-tailed uncertainty.

We assume each observed distance follows a Gamma distribution parameter-
ized by its mean p and variance o2:

YN o Gammal(piy, 02), fori=1,...,ny (4)
d?etwee“ ~ Gamma(uy,ot), forj=1,...,m (5)
where (fw,02) and (up,0f) characterize the within-group and between-group
distance distributions, respectively. To enforce the physical constraint that ex-
pected topological distances must be strictly positive, we assign Log-Normal
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Table 1. Validation results comparing permutation testing and Bayesian inference. Ex-
periment 1 tested networks with different structures (¢ = 2 vs ¢ = 3), while Experiment
2 tested networks with identical structures (¢ = 3 vs ¢ = 3).

Method Statistic Exp 1: Different Exp 2: Same
Observed ¢ 7.022 0.946
Permutation Test p-value < 0.001 0.634
Decision Significant Not Sig.
Posterior Mean 7.120 0.953
Bayesian Ratio (¢) 95% CI [5.592, 9.261] [0.734, 1.223]
P(p>1) 1.000 0.330
Posterior Mean 16.156 —0.192
Bayesian Diff. (A) 95% CI [14.724, 17.585] [—1.042, 0.669]
P(A>0) 1.000 0.330
BF10(LOO) 1.95 x 10"3° 6.46 x 1073

F . ..
Bayes Factor Interpretation Decisive for Hy Moderate for Hy

priors to the mean parameters. For the variance parameters, we utilize weakly
informative Inverse-Gamma priors:

fh, i ~ LogNormal(—1,2), 02,0 ~ InverseGamma(0.01,0.01)  (6)

W

To test for group differences, we formulate two competing hypotheses. The
null hypothesis assumes no topological difference, implying all distances are
drawn from a single common Gamma distribution (pw = pp). The alterna-
tive hypothesis assumes distinct topological structures, where within-group and
between-group distances are characterized by distinct parameters (py # ).

By Bayes’ theorem, the posterior distribution is p(6 | d) « p(d | 8)p(8),
where the likelihood factorizes as:

New np
p(d | 8) = [] Gamma(@™™ | i, 0%) [] Gamma(de™e |, 0f)  (7)
i=1 j=1

We perform Markov Chain Monte Carlo (MCMC) sampling to obtain S poste-
rior samples {#)}5_,. From these samples, we derive distributions of two test
statistics: the ratio ¢ = up/uyw measuring relative dissimilarity, which is also
used in permutation testing, and the mean difference A = py, — py quantifying

group separation. For each posterior sample s, we compute A(®) = ul()s) — ugf )

and ¢(*) = /il()s)/ H‘(,f ). The posterior distributions provide complete uncertainty
quantification, from which we extract posterior means and 95% credible intervals
for both parameters and test statistics.

Furthermore, to quantify the strength of evidence for group differences, we
compute the Bayes Factor comparing the alternative hypothesis against the null
hypothesis:

(8)
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Table 2. Statistical comparison across biomarker groups. Permutation testing misses
amyloid differences (p = 0.228) but detects tau differences (p = 0.041), whereas
Bayesian analysis provides decisive evidence for topological differences in both cases.

Method Statistic A+ vs A- T+ vs T-
Observed ¢ 1.103 1.369
Permutation Test p-value 0.228 0.041
Decision Not Sig. Significant
Posterior Mean 1.104 1.368
Bayesian Ratio (¢) 95% CI [1.054, 1.157]  [1.299, 1.440]
P(p>1) 1.000 1.000
Posterior Mean 5.976 20.389
Bayesian Diff. (A) 95% CI [3.160, 8.956] [16.723, 24.102]
P(A>0) 1.000 1.000
BF10 (LOO) 3.25 x 10° 1.12 x 1038

Bayes F : isi isi
ayes Factor Interpretation Decisive for H; Decisive for H;

The Bayes Factor is computed via leave-one-out cross-validation: log BFyy =
elpdy, — elpdy, . Following Jeffreys [13], BFio > 10 and > 100 indicate strong
and decisive evidence for Hy, respectively. Conversely, BF}y < 1 indicate mod-
erate evidence for Hy, with BFjy < 0.1 denoting strong evidence for the null.
Unlike the frequentist p-values, Bayes factors continuously quantify the strength
of evidence for both hypotheses.

Simulation-Based Validation To validate the equivalence between the Bayesian
framework and permutation testing, we conducted simulation experiments under
two cases using modular networks with n = 24 nodes generated via stochastic
block models: networks with different structures (¢c=2 vs ¢=3) and networks
with identical structures (¢=3 vs ¢=3), with 10 networks per group. While real
brain networks may exhibit varying degrees of similarity, these conditions allow
us to assess the framework’s ability to correctly identify both presence and ab-
sence of topological differences [2]. Connection probabilities were pyithin = 0.7
and Ppetween = 0.1, and permutation testing used 5,000 transpositions while
Bayesian models employed MCMC with 4 chains and 8,000 draws. As shown in
Table [T} both methods are statistically consistent: for different structures, per-
mutation test yielded p < 0.001 and Bayesian analysis gave P(¢ > 1) = 1.000
with decisive evidence; for identical structures, both correctly identified no sig-
nificant difference (p = 0.634, P(¢ > 1) = 0.330), with Bayes factor uniquely
quantifying moderate evidence for the null hypothesis.

3 Application to Alzheimer’s Disease

Amyloid-beta and tau represent the core pathological hallmarks of Alzheimer’s
disease [I5]. Understanding how these biomarkers differentially affect brain net-
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Fig. 1. Comparison of permutation testing and Bayesian inference for Amyloid (left)
and Tau (right) groups. In each panel, the top row shows the permutation null distri-
bution (blue) and observed ¢ (red dashed line). The bottom row displays the posterior
distributions for the ratio ¢ (red) and difference A (green).

work topology is critical for early detection and intervention strategies. We ap-
plied our framework to resting-state fMRI data from the Duke/UNC Alzheimer’s
Disease Research Center (ADRC). The study cohort comprised 167 cognitively
unimpaired participants (aged 28.0-80.0 years), stratified via the AT(N) frame-
work for amyloid (34 A+, 133 A-) and tau (20 T+, 147 T-) analyses. The fMRI
data were preprocessed using fMRIPrep with standard preprocessing steps, and
brain networks were constructed using the AAL atlas (116 regions), with edge
weights given by the Pearson correlation coefficients between the mean regional
BOLD time series.

Alzheimer’s disease biomarkers including beta amyloid 42/40 and phospho-
rylated tau 181 (pTau-181) were tested using the Simoa® assay platform on a
Quanterix HD1 instrument housed in the UNC HIV Cure Center and operated
by trained Biomarker Core staff. Amyloid positivity (A+) status was determined
if the Ab42/40 ratio was < 0.058 and tau positivity (T+) status was determined
if pTau-181 was > 63.

Based on these thresholds aligned with the biological AT(N) framework [15],
participants were stratified into two primary comparison groups: A+ versus A-,
and T+ versus T-. For cognitively unimpaired individuals, A+ status signifies
the preclinical stage of AD, marking the earliest pathological changes, while T+
is closely associated with subsequent neurodegeneration and eventual cognitive
decline. The connectivity matrices were age-adjusted [4] and analyzed using both
methods. Results are summarized in Table 2] Figure [I] visualizes the difference
between these approaches: permutation testing evaluates the observed statistic
against its null distribution under the no-difference hypothesis, while Bayesian
methods directly characterizes the posterior distribution of statistics given the
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Fig. 2. Computational efficiency comparison. The left panel shows the elapsed execu-
tion time for the amyloid-3, and the right panel displays for the tau analysis.

observed data. Additionally, the Bayesian framework provides computational
efficiency. As illustrated in Figure [2] unlike permutation tests, whose execution
time scales linearly with the number of permutations, the Bayesian approach
requires less total execution time, ensuring scalability for large-cohort analyses.

Result For amyloid status comparison, permutation testing yielded p = 0.228,
failing to detect significant differences at the conventional v = 0.05 threshold.
In contrast, Bayesian analysis shows ¢ = 1.104 (95% CI: [1.054, 1.157]) with
P(¢ > 1) =1.000 and BFjy = 3.25 x 108, providing decisive evidence for group
differences. The magnitude of these Bayes factors results from the multiplicative
accumulation of pointwise predictive densities during LOO-CV, reflecting strong
evidence in favor of H;.This demonstrates the framework’s enhanced sensitivity
to subtle network alterations: the method detects approximately 10% increase
in between-group dissimilarity (¢ = 1.104) and nearly 6-unit absolute difference
(A = 5.976) that threshold-based testing completely misses. Such sensitivity is
particularly valuable for early-stage pathology like amyloid accumulation, where
network changes are modest but may carry important clinical implications for
disease progression.

For tau status comparison,permutation testing yielded p = 0.041, achieving
significance at the conventional o = 0.05 threshold. Bayesian analysis provides
substantially stronger evidence with ¢ = 1.368 (95% CI: [1.299, 1.440]), P(¢ >
1) = 1.000, and BF ;o = 1.12x 1035, Notably, the tau effect is substantially larger
than amyloid: ¢ = 1.368 versus 1.104 represents 37% versus 10% increases in
between-group dissimilarity, while A = 20.389 versus 5.976 shows a massive
difference in distance. This quantitative pattern is consistent with neuroscience
literature indicating tau pathology, as a later-stage process, produces more severe
functional network disruption than early amyloid accumulation.

Sensitive Analysis While our primary pairwise framework provides a granular
characterization of network topologies, we acknowledge a statistical limitation:
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Table 3. Results of the patient-level sensitivity analysis. Bayesian framework confirms
decisive topological alterations in the T+ group while reflecting the subtle, pre-clinical
nature of the A+ group.

Method Statistic A+ vs A- T+ vs T-
Observed ¢ 1.103 1.369
Permutation Test p-value 0.288 0.049
Decision Not Sig. Significant
Posterior Mean 1.087 1.321
Bayesian Ratio (¢) 95% CI [0.960, 1.225]  [1.169, 1.488§]
P(p>1) 0.902 1.000
Posterior Mean 4.958 18.299
Bayesian Diff. (A) 95% CI [-2.534, 12.463] [10.382, 26.395]
P(A>0) 0.902 1.000
BFi0 (LOO) 0.172 6530.110
Bayes Factor Interpretation Moderate for Hy Decisive for H,

pairwise distances involving the same individual are inherently correlated. To ad-
dress this dependence and validate our findings, we conducted a sensitivity check
using a patient-level summary approach. By averaging the within-group and
between-group distances for each subject ( S}ithin — ﬁ Zk# Wtop(Xi,Xk)

and Spetween = LS W (X;,V))), we mitigated the dependence problem
and re-evaluated the topological differences without statistical inflation.

The results are presented in Table[3] These findings demonstrate the robust-
ness of our framework, as the T+ group continued to yield decisive evidence for
topological disruption. For the A+ group, the conservative model yielded mod-
erate evidence for the null hypothesis, reaching a conclusion consistent with the
classical permutation test. This highlights the biological reality that early-stage
amyloid-driven network alterations are subtle. While our primary pairwise model
offers the sensitivity required to flag these subtle changes, the conservative sen-
sitivity check indicates that definitively confirming such subtle topological shifts
will require substantially larger clinical cohorts.

Discussion This approach complements existing neuroimaging research by mov-
ing beyond the binary rejection rules of frequentist methods. Instead, it yields
complete posterior distributions of test statistics and provides Bayes factor-based
decision criteria, offering richer probabilistic information for clinical interpreta-
tion.

Confirming subtle topological changes in early preclinical stages without sta-
tistical inflation requires validation on larger clinical cohorts. Future work will
extend this approach to region-specific topological networks [8] using Bayesian
hierarchical models [7]. In univariate analyses, hierarchical structures act as
shrinkage estimators, pulling noise-driven estimates toward the population mean
to control false positive rates without depleting statistical power. Furthermore,
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adopting a multilevel approach will model the inherent correlations within pair-
wise network distances, simultaneously addressing the multiple comparisons prob-
lem and the data dependency issue.
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