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Abstract. Medical image segmentation is critical for disease monitoring
and treatment planning, with U-Net serving as a fundamental architec-
ture in this domain. Building on its effectiveness, recent advancements
have integrated mechanisms such as Transformers and Mamba into U-
shaped structures, achieving promising results. However, these methods
typically operate in Euclidean space, limiting their ability to capture
complex geometric structures. Additionally, they often apply uniform
attention strategies across scales, failing to appropriately model fine-
grained spatial details in shallow layers and high-level semantic depen-
dencies in deeper layers. To address these limitations, we propose a novel
framework, Hierarchical Hyperbolic Self-Attention Network (H?SA-Net),
which integrates geometric representation learning with a dual-granularity
attention mechanism. Our key contribution is a depth-adaptive strati-
fied Hyperbolic Self-Attention (HSA) module. In shallow layers, pixel-
wise HSA refines local spatial context, while in deeper layers, channel-
wise HSA enhances global semantic correlations. To maintain geomet-
ric consistency, we employ the Einstein Midpoint for feature aggrega-
tion. Enhanced by a wavelet-based backbone and a Hyperbolic Multi-
nomial Logistic Regression (MLR) head, the proposed framework ef-
fectively balances local texture preservation with global semantic un-
derstanding. Extensive experimental results on diverse datasets demon-
strate the effectiveness of our method. The code is available at https:
//github.com/jjscc/H2SA-Net.
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1 Introduction

Medical image segmentation is a fundamental research direction in medical im-
age analysis [10,11,30,23], providing crucial information for disease monitoring
and treatment planning. Numerous deep learning methods have been developed
for this task [11,22,26,35,36]. Notably, U-Net [26] is a widely adopted CNN ar-
chitecture with a symmetric encoder-decoder design. However, CNNs struggle
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to capture global context, leading to inaccuracies in segmenting small targets.
While U-Net variants have improved feature fusion [19,36], global dependency
modeling remains difficult. The advent of Transformers [6,29] has addressed this
by enabling long-range dependency modeling through self-attention, leading to
high-performing hybrids like TransUNet [8] and Swin-UNet [5]. More recently,
State-Space Models (SSMs) [17,18] have emerged as efficient alternatives, ex-
emplified by U-Mamba [22]. Additionally, wavelet transform [12,13] has also
shown promise for medical image segmentation [33] by providing explicit multi-
resolution decomposition that helps preserve high-frequency details. A notable
example is UWT-Net [35], which integrates wavelet convolution to exploit multi-
frequency representations and achieve accurate segmentation performance.

However, most existing segmentation architectures perform feature modeling
in Euclidean space, which may be suboptimal for organizing complex medical
image representations with multi-scale and structured patterns. Hyperbolic ge-
ometry provides a promising alternative for modeling hierarchical or structured
relationships with low distortion [7,24]. For medical image segmentation, this ge-
ometry can serve as an inductive bias to organize dense features across network
depths, from shallow boundary and texture cues to deeper region-level semantic
dependencies. While hyperbolic neural networks have shown promise in tasks like
semantic segmentation [1] and domain adaptation [14], their application to fully
supervised medical image segmentation remains largely underexplored. More-
over, existing hyperbolic methods typically adopt a uniform interaction strategy
across network layers, overlooking the depth-dependent nature of visual repre-
sentations. In medical segmentation networks, shallow layers primarily encode
high-frequency spatial details, while deep layers encode abstract semantic infor-
mation [11,32]. Applying the same attention mechanism uniformly across layers
thus leads to suboptimal feature refinement.

To this end, we propose the Hierarchical Hyperbolic Self-Attention Network
(HQSA—Net), a geometry-aware framework that integrates hyperbolic representa-
tion learning with a depth-adaptive attention mechanism. Our approach begins
with a wavelet transform-based encoder [35] that decomposes the input im-
age into multi-scale frequency components, thereby preserving high-frequency
boundary details often lost during standard downsampling. Building on this
representation, we propose a Hyperbolic Self-Attention (HSA) module tailored
to different network depths. Specifically, pixel-wise HSA is applied to shallow
features for spatial context modeling, while channel-wise HSA operates on deep
features for semantic recalibration. Finally, the segmentation head incorporates
a Hyperbolic Multinomial Logistic Regression (MLR) layer [1], which performs
per-pixel classification via class-specific hyperplanes in hyperbolic space, ensur-
ing geometric consistency throughout the prediction process.

Our contributions are highlighted as follows: i) We propose H2SA-Net,
a novel medical image segmentation framework that integrates wavelet-based
encoding with hyperbolic geometry to better capture hierarchical anatomical
structures. ii) We present a stratified hyperbolic self-attention module, which
applies pixel-wise attention to shallow features and channel-wise attention to
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Fig. 1. Architecture of H*SA-Net (WTC denotes the wavelet transform convolution).

deep features. iii) We employ a Hyperbolic MLR layer to enable geometry-
consistent per-pixel classification directly in hyperbolic space. iv) Experimental
results on three medical image segmentation tasks (polyp, ultrasound thyroid,
and brain tumor) validate the effectiveness of the proposed H2SA-Net.

2 Proposed Method

2.1 Overview of HZSA-Net

Fig. 1 illustrates the overall architecture of H*SA-Net. To effectively capture
high-frequency texture details and preserve edge information, we utilize Wavelet
Transform Convolution (WTC) as the encoder backbone [35]. A key innova-
tion of our framework is the stratified Hyperbolic Self-Attention (HSA) module,
which projects features into the Poincaré ball to model hierarchical dependencies.
Specifically, we deploy pixel-wise HSA at intermediate encoder stages (Layers 2
and 3) to rigorously capture spatial contexts, while transitioning to channel-wise
HSA at the deepest stage (Layer 4) to explicitly recalibrate semantic feature
channels. Bridging the encoder and decoder is a standard convolutional bottle-
neck, which refines deep feature representations without altering feature dimen-
sion or resolution. Subsequently, WTC is employed for signal reconstruction in
the decoder. Finally, instead of conventional Euclidean segmentation heads, we
design a Hyperbolic segmentation head based on Hyperbolic Multinomial Logis-
tic Regression (MLR) to perform geometry-consistent pixel-wise classification.

2.2 Hyperbolic Self-Attention

We propose a novel HSA module to extract the correlation of pixels in the low-
level feature map and channels in the high-level feature map. We first briefly
review the hyperbolic geometry. Hyperbolic space is a Riemannian manifold
with constant negative curvature, which can be described by several isometric
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models [4]. In this work, we adopt the Poincaré ball model (P?, g¥), where P? =
{x € R" : ¢|z||* < 1} denotes the open ball of radius ﬁ and ¢f = (X\¢)2I,
is the associated Riemannian metric with conformal factor S = ﬁ, and
I, represents the n x n identify matrix. The tangent space of the Poincaré ball
can be viewed as an approximation of Euclidean space. Given a tangent vector
v € T,P?, the Riemannian exponential map projects v onto the manifold by

expl (v) = T B <tanh (\/EA;2|U||> ﬁTIvII) , (1)

where @, denotes the Mobius addition, and it is defined as follows:

14 2¢(z,y) + clly||P)x + (1 — ¢||z||?
ey = 1 260w0) eyl + (1= claf)y. o
14 2¢(z, y) + [z |ly]

Conversely, the Riemannian logarithmic map projects points on the manifold
back to the tangent space, which is defined as follows:

2 _ - Dy
log§,(y) = —=— tanh™ ' (V| — z &c yl|) 3)

VeAS | — @ y”

The geodesic distance between two points z,y € P? can be deduced as follows:

2
dé(z,y) = — tanh (V|| — . 4
B(7,y) 7 Vel =z @cyll) (4)
Since the query, key, and value are defined on the Poincaré ball, we first
apply linear transformation in the tangent space at the origin, and then map
them onto P! via the exponential map. For the input feature map F', we obtain

Q= eXpS(WqF)7 K= eng(Wkﬁ)7 V= eXpS(WvF), (5>

where W, Wy, W, are learnable parameters. In Euclidean space, the inner prod-
uct is commonly used to measure the similarity between queries and keys. Here,
we adopt a distance-based similarity defined on hyperbolic space [20] and extend
it to the Poincaré ball:

= sczm(Qv K) = f(_TdI(é’(Q’K) - g)» (6)

where d§(-,-) is the Poincaré distance, 7 is an inverse temperature and G is a
bias parameter. We use the Softmax function as the activation f(-). Consider-
ing numerical stability and computational complexity, we map the points from
Poincaré ball to the Klein model and use the Einstein midpoint to compute ag-
gregation [28]. Since the Poincaré ball model and the Klein model are isometric,
we can achieve this process by

xT

1+4/1— c||a;||2

P? — K? 1T = f]p_>]1<(1‘)

(7)



Hyperbolic Self-Attention Network for Medical Image Segmentation 5

The aggregated output can be achieved by the Einstein midpoint, which is cal-
culated as follows:

Vi = fagg(eus}s {Vishs) = Z {glizlg?{/z )} Vijs (8)

1

V1=1Viil?

where v(V;;) = is the Lorentz factor.

2.3 Hyperbolic Segmentation Head

Unlike traditional Euclidean segmentation heads, we leverage a hyperbolic MLR-
based segmentation head to perform per-pixel classification for image segmen-
tation [1,15]. Given the output feature map F from the decoder, we first apply
the exponential map to project each pixel-wise feature onto the Poincaré ball,
obtaining a hyperbolic embedding z. In this hyperbolic space, each class-specific
decision boundary can be represented by a gyroplane [15], defined as follows:

H® = {z; € P!, (—p @¢ 2i5,w) = 0}, 9)

where p € P7 is the offset, and w € T,P? is the orientation of the gyroplane.
The hyperbolic distance of z;; to the gyroplane of class y is given as follows:

1 .. _ 2/ c(—py Be 2ij, Wwy)
de(z5,HS) = —=sinh 1( Y DY . (10)
IR/ (1 = cll = py e 25517 [[wy |

The logit of class y for pixel output z;; is deduced as follows:

ol s (2 ez )) 1)

c
p(y:y‘z) X exp Py
ij ( 1 —c| = py De 2ij||?)||wy |

NG

which can be optimized with the cross-entropy loss and gradient descent. Fol-
lowing [1], we employ an efficient formulation by rewriting the M&bius addition
as a linear combination, formulated as follows:

Dy De 2ij = P1Dy + B2%ij, (12)
14+2¢(py, zij) +ellzi; || L—cllpy |1
her = won J n = U .
where b1 = 1500 e+ T, Pl 204 B2 = TG = e P
Therefore, the inner product and squared norm of the Mobius addition can
be computed as follows:

(=py e 2ij, wy) = B1{—py, w) + Ba(zij, w), (13)
| = py ®e 2i511> = B || — pylI> + 2B182{—py, 2i5) + B3 |21 (14)

2.4 Loss Function

We combine the cross entropy loss Lo g and the Intersection over Union (IoU)
loss Li,u [31] as the final loss function, which is defined as:

ES’eg = EBCE(P7 G) + EIOU(P7 G)a (15>

where P and G denote the semantic prediction maps and the ground truths,
respectively.
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Table 1. Performance comparison on the different segmentation tasks.

Model ‘Param
‘ ‘Dicc TIoU ‘Dicc TIoU ‘Dicc IoU ‘Dicc IoU ‘Dico IoU

(M)\Kvasir [21] |ClinicDB [2]| ETIS [27] | Brain [3] | TN3K [16]

U-Net [26] (MICCA’15) 31.04 0.821 0.756 | 0.824 0.767 |0.406 0.343|0.812 0.735|0.820 0.728
Att-UNet [25] (MIDL’18) 35.75 0.769 0.683|0.866 0.809 |0.382 0.308 |0.817 0.734|0.825 0.738
U-Net++ [36] (MICCA’18) 36.63 0.824 0.753|0.797 0.741 | 0.413 0.342|0.815 0.737|0.828 0.740
DeepLabv3 [9] (ECCCV’18) 39.76 0.857 0.817|0.873 0.821 |0.575 0.487|0.814 0.733]0.827 0.735

Swin-UNet [5] (ECCV’22) 27.17 0.869 0.816|0.847 0.798 | 0.573 0.516 | 0.816 0.728]0.828 0.740
U-Mamba [22] (Arxiv’'24) 11.26 0.836 0.767|0.865 0.810 |0.480 0.407|0.837 0.749|0.811 0.731
KMUNet [34] (MICCA’25) 7.01 0.850 0.748|0.846 0.733 |0.576 0.475|0.836 0.720|0.830 0.711
UWT-Net [35] (MICCA’25) 29.34 0.869 0.807|0.856 0.805 |0.561 0.495|0.823 0.733]0.823 0.738
H?SA-Net (Ours) 34.84 0.885 0.823|0.884 0.840 |0.580 0.513|0.844 0.759|0.832 0.750

3 Experiment

3.1 Experimental Setup

Datasets. We conduct experiments on three medical image segmentation tasks:
polyp, thyroid, and brain tumor segmentation. e Colonoscopy datasets: We
evaluate our method on three publicly available datasets: Kvasir [21], CVC-
ClinicDB [2], and ETIS [27]. Following the setting in [11], we use 900 images
from Kvasir and 550 images from CVC-ClinicDB for training. The remaining
images from Kvasir and CVC-ClinicDB, and the entirety of ETIS are taken as
the test set. @ The TN3K [16] dataset is a challenging dataset for the thyroid
nodule segmentation task, with 2,879 training and 614 test images. e Brain tu-
mor dataset [3] includes brain MRI scans with FLAIR abnormality segmentation
masks from 110 patients with lower-grade glioma in The Cancer Genome Atlas.
We adopt a patient-level split: all slices from the same patient are assigned exclu-
sively to either the training or test set, avoiding leakage in slice-based evaluation.
We use 1,090 images for training and the remaining 283 images for testing.
Implementation Details. All experiments are conducted using PyTorch
2.5.1 with CUDA 12.4 on an NVIDIA RTX 5880 GPU. Our method is trained
with the Adam optimizer using a learning rate of le™ and weight decay of
le~*. We only apply standard data augmentations, including random horizontal
flipping and random rotation. The batch size is set to 10, and all models can be
converged within 150 epochs. In our experiments, all input images are uniformly
resized to the dimension of 352 x 352. For a fair comparison, we do not use any
pre-trained weights or post-processing strategies within all comparison methods.

3.2 Performance Comparison

We compare H2SA-Net with several representative segmentation methods, in-
cluding U-Net [26], Att-UNet [25], U-Net++ [36], DeepLabv3 [9], Swin-UNet [5],
U-Mamba [22], KMUNet [34] and HWT-Net [35]. Table 1 reports the quantita-
tive results comparison with state-of-the-art methods on five datasets. It can be
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Fig. 2. Qualitative visualization of our model and other comparison methods.

Table 2. Ablation study on the key components. “HSA-C” and “HSA-P” denote
channel-wise HSA and pixel-wise HSA. “ESA” denotes Euclidean self-attention, “E-
Cls” denotes Euclidean segmentation head, and “Euc” denotes the Euclidean counter-
part, where all hyperbolic components are replaced with their Euclidean counterpart.

| Kvasir [21] | ClinicDB [2]| ETIS [27] TN3K [16]

Settings
‘ Dice IoU ‘ Dice IoU ‘ Dice IoU ‘ Dice IoU

H2SA-Net (HSA-C) 0.870 0.810 | 0.862 0.810 | 0.572 0.502 | 0.827 0.743
H2SA-Net (HSA-P) 0.872 0.811 | 0.867 0.820 | 0.571 0.510 | 0.830 0.747
H2SA-Net (ESA-(C+P))| 0.853 0.786 | 0.855 0.807 | 0.556 0.490 | 0.814 0.726
H2SA-Net (E-Cls) 0.877 0.816 | 0.867 0.821 | 0.552 0.492 | 0.828 0.743
H2SA-Net (Euc) 0.864 0.804 | 0.860 0.808 | 0.556 0.494 | 0.820 0.736
H?SA-Net 0.885 0.8230.884 0.840 |0.580 0.513|0.832 0.750

seen that our model outperforms other methods across different segmentation
tasks. Compared with UWT-Net, which integrates wavelet convolution into a U-
Net backbone, our approach achieves steady performance improvements without
substantially increasing the number of model parameters. Qualitative results for
various medical image segmentation tasks are presented in Fig. 2. As observed,
our method yields segmentation outputs that closely align with the ground truth,
preserving fine-grained structures and capturing subtle details, particularly in
challenging regions and along object boundaries.

3.3 Ablation Studies

Effectiveness of Key Components. We conduct experiments to access the
effectiveness of the main components. As shown in Table 2, applying pixel-wise
HSA to shallow features and channel-wise HSA to deep features consistently
improves segmentation performance. Moreover, HSA shows a significant im-
provement over Euclidean self-attention, further validating its effectiveness. In
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Table 3. Effect of the curvature parameter c.

| Kvasir [21] | ClinicDB [2]| ETIS [27] TN3K [16]
| Dice IoU | Dice IoU | Dice IoU | Dice IoU
H?SA-Net (c = 0.5) 0.876 0.819 | 0.861 0.814 | 0.565 0.498 | 0.829 0.746
H?*SA-Net (c = 1.0) 0.879 0.817 | 0.880 0.832 | 0.573 0.502 | 0.827 0.743

(

(
H2SA-Net (cf15) 0.872 0.810 | 0.865 0.820 | 0.570 0.498 | 0.822 0.742
H2SA-Net (c learnable) | 0.885 0.823|0.884 0.840 |0.580 0.513|0.832 0.750

Settings

Table 4. Effectiveness of our HSA applied to other architectures.

Model ‘ Efficiency ‘ Kvasir [21] ‘ChmcDB [2]‘ ETIS [27] TN3K [16]

‘Param(M) FLOPS(G)‘ Dice IoU ‘Dice ToU ‘Dice ToU ‘Dice ToU
U-Mamba [22] 11.26 233.08 ]0.836 0.767|0.865 0.810 |0.480 0.407|0.811 0.731
U-Mamba-H?SA 12.64 237.74 ]0.850 0.785|0.875 0.826 |0.495 0.428|0.821 0.737
TransUNet (8] 105.50 60.98 0.913 0.857(0.895 0.847 |0.728 0.658|0.841 0.754
TransUNet-H?SA 106.83 65.58 |0.916 0.867|0.910 0.866 (0.735 0.663|0.856 0.774

addition, replacing the MLR-based hyperbolic segmentation head with a tradi-
tional Euclidean segmentation head leads to a performance drop. Furthermore,
replacing all hyperbolic components with their Euclidean counterparts consis-
tently underperforms the full model. This indicates that embedding features
in hyperbolic space can better separate pixel representations, dovetailing with
previous work [1]. In terms of efficiency, the Euclidean baseline requires 61.34
GFLOPs and 46.846 ms inference latency. The Euclidean variant of our design
requires 67.44 GFLOPs and 47.747 ms, while the full hyperbolic model requires
67.94 GFLOPs and 51.219 ms. Compared with the Euclidean variant, hyperbolic
modeling introduces only 0.50 GFLOPs and 3.472 ms additional latency, while
yielding consistent performance gains.

Effect of Curvature Parameter c. Compared with Euclidean space, hy-
perbolic space introduces an additional curvature parameter c that controls the
curvature and radius of the Poincaré ball. In our model, ¢ is a learnable parame-
ter initialized to 1 and optimized jointly with the network. We conduct a series of
experiments to further investigate the effect of different curvature settings. The
corresponding results are presented in Table 3. The results indicate that allowing
the model to autonomously adjust the manifold curvature can better match the
inherent geometry of the data, thereby enhancing geometric consistency.

Generality of HSA. To evaluate the generality of our model, we inte-
grate HSA into two representative network architectures: TransUNet [8] and
U-Mamba [22]. Table 4 reports the results on the polyp segmentation task. It
can be observed that incorporating our HSA consistently improves the perfor-
mance of both Transformer and Mamba-based architectures, further validating
its effectiveness and plug-and-play compatibility.
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4 Conclusion

In this paper, we propose H2SA-Net, a geometry-aware medical image segmen-
tation framework integrating wavelet encoding with hyperbolic representation
learning. We design a novel hyperbolic self-attention mechanism in the Poincaré
ball and employ a stratified strategy that applies pixel-wise attention at interme-
diate layers and channel-wise attention at deeper layers. Experiments on three
segmentation tasks demonstrate the effectiveness of H2SA-Net, and ablation
studies verify the contribution of each component. This study highlights the po-
tential for further investigation into feature representation learning in hyperbolic
space for medical imaging tasks. Moreover, the proposed HSA can be extended
from 2D to volumetric segmentation by replacing pixel-wise HSA with voxel- or
window-wise HSA while retaining channel-wise hyperbolic recalibration.
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