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Abstract. Simultaneous reconstruction of sound speed and acoustic
impedance in Ultrasound Computed Tomography (USCT) is essential
for quantitative tissue characterization but remains a severely ill-posed
inverse problem. Conventional Full Waveform Inversion (FWI) methods
often suffer from cycle-skipping and parameter crosstalk due to non-
convex optimization landscapes and limited low-frequency data. We pro-
pose InSPIRE, a framework for robust, unsupervised multiparameter
inversion via sequential position-based implicit representations. Unlike
discrete pixel-based approaches, we parameterize physical properties as
continuous spatial functions using implicit neural representations. We
construct a geometry-aware positional encoding with radially modulated
Fourier features, imposing spatially adaptive spectral bias to resolve
high-frequency details in the central imaging region where ring-array
illumination is restricted. To disentangle parameter crosstalk, we intro-
duce a dual-branch architecture with frequency-adaptive coordinate at-
tention that dynamically adjusts feature importance across frequency
stages, enabling independent reconstruction of sound speed and acous-
tic impedance. We devise a frequency-progressive sequential optimiza-
tion strategy stabilizing convergence by updating the reference state
with implicit noise regularization during bandwidth transitions. Exten-
sive validation Extensive validation demonstrates that InSPIRE out-
performs conventional multi-scale FWI, yielding high-fidelity parametric
maps with superior convergence and minimized crosstalk.

Keywords: Ultrasound imaging - Full Waveform Inversion - Multiparameter
Reconstruction - Implicit Neural Representations.

1 Introduction

Ultrasound Computed Tomography (USCT) enables radiation-free breast imag-
ing at sub-millimeter resolution. Unlike qualitative B-mode sonography, USCT
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reconstructs quantitative maps of sound speed and acoustic impedance [5,6].
Sound speed reflects tissue density and bulk modulus, while acoustic impedance
reveals sharp boundaries essential for lesion diagnosis [7,25]. Reconstructing
these parameters simultaneously is severely ill-posed. Full-Waveform Inversion
(FWI) addresses this by iteratively minimizing the mismatch between simu-
lated and measured wavefields [17,8], but faces two major challenges. Limited
low-frequency data causes cycle-skipping, trapping optimization in local min-
ima [4,2]. Additionally, velocity-density coupling induces parameter crosstalk,
projecting impedance features as artifacts onto the velocity map [15].These chal-
lenges have limited multiparameter USCT reconstruction primarily to synthetic
scenarios, with few methods demonstrating reliable performance on clinical data.

Deep learning provides effective regularization for such inverse problems [3,14].
While supervised methods perform well on synthetic data, they fail to general-
ize to in vivo USCT due to lack of ground truth. This has motivated unsuper-
vised approaches using untrained networks. Recent work successfully adapted
Deep Image Prior (DIP) to USCT sound speed inversion [21,26], showing that
CNN structural bias can regularize reconstruction without training data. How-
ever, standard CNNs exhibit spectral bias toward low frequencies [18], over-
smoothening details required for acoustic impedance. Implicit Neural Represen-
tations (INRs) [12,24,13], such as Positional-encoding Image Prior (PIP) [19],
address this by mapping spatial coordinates to high-dimensional features. Polar
coordinate-based INR has been applied to single-parameter sound speed recon-
struction [23], yet multiparameter inversion remains challenging: these coordinate-
based methods cannot simultaneously model smoothly varying sound speed and
discontinuous impedance without crosstalk, and lack mechanisms to compensate
for the spatially varying illumination inherent to ring-array geometry.

To address these limitations, we propose InSPIRE, a framework for unsuper-
vised multiparameter INversion via Sequential Position-based Implicit REpre-
sentations. InSPIRE combines implicit neural representations with U-Net back-
bone architecture, parameterizing physical properties as continuous spatial func-
tions while retaining multi-scale contextual awareness for global wave prop-
agation. Our contributions are threefold. First, we introduce geometry-aware
positional encoding with radially modulated Fourier features to resolve high-
frequency details in the central region where ring-array illumination is restricted.
Second, we propose a dual-branch architecture with frequency-adaptive coordi-
nate attention that dynamically disentangles velocity-density crosstalk. Third,
we implement sequential frequency-progressive optimization that stabilizes con-
vergence by updating the reference state with implicit noise regularization during
bandwidth transitions.

2 Method

2.1 Preliminaries

The forward model describes acoustic wave propagation in a heterogeneous
medium. We consider a bounded domain {2 C R?, where the pressure field p(x, t)
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satisfies the second-order acoustic wave equation:
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where s(x,t) is the source term. The medium is characterized by sound speed
¢(x) and density p(x). To recover both bulk tissue properties and structural
interfaces, we define the target parameter space as m = [c, Z]T, where z(x) =
p(x)c(x) is the acoustic impedance. Alternatively, the wave equation can be
expressed in terms of impedance and sound speed:

e (5
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We estimate these parameters by minimizing the mismatch between simu-
lated and observed waveforms:

Vp) — s(x,1) )

T
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where dgs denotes the observed data from the USCT system. The forward op-

erator F(m) maps the medium parameters m to simulated pressure data by

solving Eq. (1) and sampling the field at receiver locations. Because F is non-

linear and the acquisition aperture is limited, this optimization is ill-posed and

non-convex, making standard gradient-based methods prone to local minima.

2.2 InSPIRE Framework

Framework Overview. We present InSPIRE, an unsupervised framework for
multiparameter acoustic inversion using position-based neural representations.
As shown in Fig. 1, the framework addresses ring-array geometry constraints,
parameter crosstalk, and convergence stability through geometry-aware posi-
tion encoding with radially modulated Fourier features, a dual-branch archi-
tecture with frequency-adaptive coordinate attention, and sequential frequency-
progressive optimization with noise regularization.

InSPIRE reformulates the inversion as a neural field optimization problem.
Unlike conventional FWI methods discretizing the medium on fixed grids [22,17]
or DIP approaches mapping latent noise to images [21], InSPIRE parameterizes
physical properties as continuous functions of spatial coordinates. A coordinate-
based network @y : 2 — R? maps 2D coordinates x = (z,y) to acoustic param-
eters:

[e(x), 2(3)] T = Do (Vgeo (%)), (4)

where 7geo(+) is the geometry-aware positional encoding. At frequency stage k,
we minimize:

9; = argemin ,Ck (9) = Edata(e) + )\TVETV(H) + )\ref['ref(aa 9;;71)7 (5)



4 X. Zeng et al.
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Fig. 1. Overview of our proposed InSPIRE framework

where Lgata measures wavefield mismatch, L1y enforces spatial smoothness, and
L,of maintains cross-stage consistency.
Geometry-Aware Positional Encoding. Standard Coordinate-Based Net-
works (CBNs) employ global Fourier feature mappings to mitigate spectral bias
of MLPs [20]. A standard mapping 7 : R? — R2% projects coordinates x onto
Fourier basis functions: y(x) = [cos(27rBx),sin(27Bx)]", where B € RX*2 is
a Gaussian random matrix. While effective for natural images, this assumes
spatially isotropic spectral distribution and ignores ring-array USCT geometry,
where illumination and wavenumber coverage degrade centrally due to limited
viewing angles.

To compensate for this, we introduce radially modulated Fourier encoding.
Given normalized radial distance r = ||x[|2 from the array center, we define a
spatial modulation function w(r) to reweight spectral energy:

2
Yeeo(X) = w(r) @ y(x), with w(r) =1+ aexp (—27;2) , (6)
where ® denotes element-wise multiplication, and «, ¢ control modulation in-
tensity and bandwidth. This assigns higher weights to central features, imposing
spatially adaptive bias to resolve high-frequency details. We set a = 2.0 and
o = 0.3 based on the ring-array geometry.
Dual-Branch Architecture with FACA. Simultaneous reconstruction of
sound speed and acoustic impedance suffers from parameter crosstalk due to
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velocity-density coupling in the wave equation. A shared representation often
projects impedance boundaries as artifacts onto the sound speed map. To disen-
tangle these modalities, we employ a dual-branch decoder with shared encoder
& extracting geometric features from coordinate embeddings, followed by task-
specific branches D, and D, generating independent feature maps:

fc - Dc(g('.)/gco(x)))a fz = DZ (g(’YgCO (X))) (7)

We integrate a Frequency-Adaptive Coordinate Attention (FACA) mechanism
inspired by [9]. FACA computes spatial and channel attention through separate
pathways, then applies frequency-modulated recalibration:

f=a(fy) [f©o(A(f) © o (A(f))] + 1, (8)

where A and A, denote spatial and channel attention modules, o is the sigmoid
function, and a(fi) = fi/fmax is a normalized frequency-dependent scaling fac-
tor. As optimization sweeps from low to high frequencies, a(fx) increases from
0 to 1, shifting network focus from global consistency to local boundaries.
Sequential Frequency-Progressive Optimization. Full-waveform inversion
suffers from cycle-skipping when initialized with inaccurate velocity models, as
high-frequency data can trap optimization in local minima. We adopt a sequen-
tial frequency-progressive strategy that gradually incorporates higher frequency
components. Starting from low frequencies that provide long-wavelength up-
dates, optimization progressively refines the model by incorporating higher fre-
quencies to resolve finer details.
At each frequency stage k, we optimize network parameters using a bandwidth-

limited data subset. The data fidelity term measures wavefield mismatch:

1 Ns T )
Lanl®) = 53 [ IF.@0() = dipal . o)

where N, is the number of sources and F;, is the forward operator for source
s. Total variation regularization enforces spatial smoothness while preserving
boundaries:

Lrv(0) = /Q(IIVC(X)Her IVz(x)]|2) dx. (10)

To stabilize transitions between frequency stages, we anchor the current so-
lution to the previous stage with implicit noise regularization:

Loatl6,65_) = [ 00) — [0;_, () +¢] ]Z e~ N(0,021), (1)

where 0f_, are the converged parameters from stage £ — 1. By perturbing the
reference with Gaussian noise, this term prevents overfitting to the previous
solution while retaining low-wavenumber information.
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3 Experiments and Results

3.1 Experiment Settings

Datasets. For synthetic experiments, we construct numerical phantoms from
MRI-derived breast tissue segmentations [11]. Ground truth sound speed and
density maps are obtained from the segmentation masks, and acoustic impedance
is computed as z = pc. Synthetic waveforms are generated using a ring-array con-
figuration with 512 uniformly spaced transducers, of which 256 serve as active
transmitters, excited by 500 kHz Ricker wavelets. To emulate realistic measure-
ment conditions, we corrupt the simulated signals with additive Gaussian noise
at a 40 dB signal-to-noise ratio. For in vivo validation, we use clinical USCT data
acquired from three volunteers exhibiting varying compositions of glandular and
adipose tissue.

Implementation Details. We validate the proposed InSPIRE framework on
synthetic phantoms and in vivo breast data. All reconstructions are initial-
ized from homogeneous background models for both sound speed and acoustic
impedance. Training is performed using PyTorch [16] and Adam optimizer [10]
with an initial learning rate of 1le~*. For synthetic data, the learning rate decays
by a factor of 0.9 every 300 epochs over 5000 total epochs. For in vivo data,
decay occurs every 200 epochs over 2000 total epochs. Regularization weights
are set to Ary = 2e % across all experiments, with Aot = le™° for synthetic
data and M. = 5e~° for in vivo data, determined empirically. All experiments
are conducted on an NVIDIA A100 GPU with 40GB memory.

Baselines and Evaluation Metrics. We compare InSPIRE against classical
least-squares Full-Waveform Inversion (FWI) and its variants. For synthetic ex-
periments, we evaluate four methods: FWI, multi-frequency FWI (mFWTI), Deep
Image Prior (DIP) [26], and the proposed InSPIRE. For in vivo experiments, we
focus on mFWI, DIP, and InSPIRE due to their demonstrated robustness on clin-
ical data. Reconstruction quality is assessed using Structural Similarity Index
(SSIM), Peak Signal-to-Noise Ratio (PSNR), Learned Perceptual Image Patch
Similarity (LPIPS), and Contrast-to-Noise Ratio (CNR).

3.2 Results

Synthetic Experiments. We conduct synthetic experiments using a ring-array
configuration with radius 0.22 m. To satisfy the Courant-Friedrichs-Lewy sta-
bility condition [1], the computational domain is discretized into a 900 x 900
grid with 4000 time steps for finite difference forward modeling. We compare
four approaches with FWI as baseline. Quantitative results are presented in
Table 1, and reconstruction images with misfit maps are shown in Fig. 2. The
multi-frequency FWI (mFWTI) variant employs low-pass Butterworth filters with
cutoff frequencies of 400, 500, 600 and 700 kHz to mitigate cycle-skipping.

In Vivo Experiments. For clinical validation, we use a 900 x 900 spatial grid
with 4356 time steps. A solid gel coupling agent (SGCA) [27] serves as the
acoustic coupling medium. All reconstructions are initialized from homogeneous
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Sound Speed Acoustic Impedance
Ground Truth FWI mFWI DIP InSPIRE Ground Truth FWI mFWI DIP InSPIRE

£)©))©)EOE]

Fig. 2. Reconstruction results and misfit maps on synthetic data.

Table 1. Quantitative comparison on synthetic data.

Methods Time Sound Speed Acoustic Impedance
(min) SSIM+ PSNRt LPIPS| SSIMt PSNR1t LPIPS |
FWI 100 0.649 24.961 0.649 0.718 25.742 0.534
mFWI 85 0.916 32.982 0.338 0.922 33.601 0.325
DIP 170 0.920 33.128 0.319 0.929 33.874 0.317

InSPIRE 119 0.952 34.255 0.189 0.964 34.792 0.162

background models with a sound speed of 1500 m /s and an acoustic impedance of
1.5 MRayl, without additional prior information. Fig. 3 presents reconstruction
results for three clinical cases across different methods. For Case 1 and Case 2,
the region near the skin was chosen as the ROI and fat as the background. In Case
3, glands were selected as the ROI, while fat was designated as the background
region. Table 2 presents the CNR results obtained from various methods.

Sound Speed Acoustic Impedance

mFWI DIP InSPIRE DIP InSPIRE

(a) Casel

(b) Case2

(c) Case3

Fig. 3. Reconstruction results on in vivo breast data. ROI (white dashed lines) and
background (yellow dashed lines) regions are outlined for CNR evaluation.
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Table 2. CNR Results of the In Vivo Experiments.

Sound Speed Acoustic Impedance
mFWI  DIP InSPIRE mFWI DIP  InSPIRE
Case 1 3.903 4.064 5.459 2.441  5.730 5.571
Case 2 3.153 2915 3.521 1.898 4.052 6.111
Case 3 4.869  4.907 5.018 1.523 4.976 7.123

Case

1ed
5 — Wl
Dip
InSPIRE

(a) Acoustic Impedance (b) B-mode Reflection

o 1000 2000 3000 4000 5000

Epoch Gradient
Fig. 4. Loss curve comparisons on Fig. 5. Correspondence between acoustic
synthetic data. impedance gradient and B-mode reflection

imaging.

Table 3. Ablation study of the key components.

Experimental Setting Sound Speed Acoustic Impedance
Base GAPE FACA Freqg-Progressive SSIM 1+ PSNR 1 LPIPS | SSIM 1 PSNR 1 LPIPS |
X X X X 0.649 24961 0.649 0.718 25.742 0.534
v X X X 0.920 33.128 0.319 0.929 33.874 0.317
v v X X 0.922 33.285 0.298 0.932 33.912 0.295
v v v X 0.934 33.647 0.251 0.941 34.238 0.238
v v v v 0.952 34.255 0.189 0.964 34.792 0.162

Ablation Studies. We evaluate the contribution of each component through
incremental ablation experiments. The baseline uses a DIP network without
Geometry-Aware Positional Encoding(GAPE) or attention modules(FACA). The
transition from Row 2 (DIP baseline) to Row 3 includes shifting to coordinate-
based input and adding GAPE. Table 3 shows that each module improves re-
construction performance. Fig. 4 demonstrates that InSPIRE method acceler-
ates convergence. Although InSPIRE requires more iteration time than stan-
dard FWI, the substantial improvement in reconstruction quality justifies the
increased computational cost.
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4 Discussion and Conclusion

We introduce InSPIRE, an unsupervised coordinate-based framework for multi-
parameter acoustic inversion in USCT. By integrating geometry-aware encoding,
frequency-adaptive coordinate attention, and frequency-progressive optimiza-
tion, InSPIRE maintains physical consistency across scales, effectively resolving
the velocity-density coupling and cycle-skipping inherent in traditional FWI. In
the absence of ground truth for in vivo data, we validate structural consistency
by comparing impedance gradients against USCT reflectivity maps (Fig. 5).
Unlike reflectivity maps that capture surface boundaries, InNSPIRE recon-
structs continuous material properties throughout tissue interior, providing com-
plementary full-field information inaccessible to conventional imaging. The frame-
work operates without paired training data or ground truth labels. Our results
on healthy volunteers establish baseline references for early screening, laying the
groundwork for future studies with patient cohorts and pathological correlation.
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