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Abstract. Tooth alignment is a fundamental procedure in orthodon-
tic treatment, requiring prolonged stage-wise clinical evaluation to pre-
cisely manage complex tooth movements. Conventional automatic meth-
ods regress a direct rigid transformation in a one-shot manner and impose
clinical constraints only on the final configuration, limiting the ability to
reflect the progressive nature of actual orthodontic treatment and yield-
ing unreliable outcomes in complex tooth movement cases. To address
this limitation, we propose a framework that models a virtual progressive
tooth movement trajectory in which clinical constraints can be evaluated
at each stage. The framework decomposes alignment into K incremental
rigid-transformation steps and generates a stable and continuous vir-
tual tooth trajectory from pre-/post-treatment data alone. By enforcing
clinical constraints at every intermediate stage, the framework models
progressive tooth movements in orthodontic treatment, demonstrating
more precise and reliable tooth alignment outcomes. Our code is publicly
available at https://github.com/moontaijin/ProMoT-Tooth-Alignment.
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1 Introduction

Tooth alignment is a core procedure in orthodontic treatment, directly deter-
mining the accuracy of the final occlusion and the overall treatment outcome.
However, clinical alignment is not merely a problem of predicting a target state.
In practice, it involves managing complex tooth displacements over an extended
period and performing repeated fine-grained adjustments, and the outcome can
vary substantially depending on patient-specific biomechanical conditions in clin-
ical workflows. Due to these characteristics, orthodontic treatment entails con-
siderable time and cost burdens, and there has been a sustained demand for
reliable automated tooth alignment technologies [1-5].
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Fig. 1. Overview of our proposed framework. The model learns a virtual staged tra-
jectory of progressive tooth movement from only pre-/post-treatment observations.

Most practical automated tooth alignment pipelines follow a one-shot regres-
sion paradigm: the task is reduced to estimating per-tooth 6-DoF rigid motions,
and a transformation matrix to the final state is directly regressed in a single
step [6-13]. However, this single-step formulation often fails to capture irregular
and complex tooth displacements. In clinical practice, tooth alignment is refined
through repeated stage-wise evaluations (i.e., stage-wise clinical constraints) and
fine-grained adjustments rather than being finalized from the initial diagnosis
alone [14-16]. Intermediate states are iteratively assessed under clinical crite-
ria such as the occlusal plane, interproximal spacing, and collision risk, and the
plan is updated accordingly [17, 18]. Therefore, precise tooth alignment is inher-
ently a process-centric problem (i.e., progressive tooth movement modeling) in
which inter-tooth interactions and clinical constraints are cumulatively reflected,
requiring stage-wise evaluation and multiple rounds of adjustment.

Implementing such process-centric alignment in learning-based systems is
challenging. Most public and real-world datasets provide only pre-/post-treatment
pairs [6,19], making it difficult to learn realistic movement trajectories and to
supervise intermediate-stage assessments. Recent approaches augment the one-
shot objective by adding clinically motivated terms to the final prediction [6-13].
Despite this, they still provide no learning signal for intermediate stages—no
stage-wise evaluation, no micro-adjustment, and no accumulation of clinically
valid refinements. This limitation can degrade reliability and consistency, par-
ticularly in cases that demand complex multi-tooth motions.

To address this issue, we propose a process-centric tooth alignment frame-
work that models a virtual progressive tooth movement trajectory and performs
clinical evaluation and step-wise refinement at each stage. The key idea is to
enable the generation of stable and continuous virtual trajectories even from
pre/post data, by regressing and accumulating stage-wise transformations using
a state-space model (SSM)-based sequential predictor. In addition, to ensure
physical plausibility, we introduce (i) a trajectory stabilization strategy that
suppresses excessive increases in stage-wise displacement and prevents trajec-
tory collapse, and (ii) an intermediate-state re-training mechanism that provides
richer and more fine-grained supervision along the trajectory. It reconstructs
the generated intermediate states and reuses them as new training inputs. As
a result, virtual tooth trajectory modeling becomes feasible, and process-centric
tooth alignment is achieved by reflecting the “stage-wise evaluation — micro-
adjustment — accumulation” loop.

Our contributions are threefold:
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Fig. 2. Overview of progressive tooth-movement modeling with stage-wise clinical eval-
uation. Given the input tooth point clouds Xinpus = {X; }iv1, PointNet ™ [20] encodes
stage-wise features and an SSM-based sequential model predicts incremental SE(3)
updates AEZW, which are accumulated as Ti<k) with the final prediction T; = Ti(K)
(Sec. 2.1). The trajectory stabilization strategy (TSS) and progressive self-learning
support stable and dense intermediate trajectories (Secs. 2.2, 2.3). Clinical constraints
are enforced at every stage to support progressive refinement (Sec. 2.4).

— We reformulate tooth alignment as a process-centric K-step incremental 6-
DoF trajectory prediction problem, enabling intermediate-stage evaluation
using only pre-/post-treatment data.

— We propose an SSM-based sequential regressor with a trajectory stabilization
strategy to generate stable and continuous virtual movement trajectories.

— We introduce intermediate-state re-learning and stage-wise clinical evalua-
tion to cumulatively refine incremental steps, consistent with clear-aligner
micro-adjustments.

2 Method

Overview We learn a virtual staged trajectory of tooth movements that mod-
els orthodontic staged refinement using only pre-/post-treatment observations.
Starting from the identity, the model predicts K incremental rigid updates in
SE(3) (K=21), composes them cumulatively, and enforces stage-wise clinical
constraints at every intermediate stage. Stage-wise updates are generated by
an SSM-based sequential model [21] for stable long-range dependency modeling
across refinement stages.

2.1 Progressive Tooth Movement Modeling

Given a per-tooth point cloud X; € RP*3 we predict a rigid transformation
T; € SE(3) for each tooth (i = 1,..., N; N=32) by composing K=21 incremen-
tal twist updates Afi(k) € se(3) via exp : se(3) — SE(3), where K is selected
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with reference to reported stage settings in clear aligner-based orthodontic treat-
ment [22]. Points are extended to homogeneous coordinates and transformed by

left multiplication. We initialize Ti(o) = I and accumulate updates as

T = exp(ae®) . T® 1 =1 (1)

4 .

Stage-wise Encoding and Sequential Modeling At each stage k, the trans-
formed point cloud XZ-(k) is obtained by applying T i(k) to X; in homogeneous
coordinates, and a PointNet™ [20] encoder E(-) extracts a per-tooth feature:

¥ =Bx®). 2)

An SSM-based sequential model [21] maintains a per-tooth hidden state h§k) €
R? to capture long-range dependencies and regresses the incremental twist:

A Z () g9 Al = Gal), )

where ¥(-) is the SSM [21] transition and G(-) is an MLP regressing the twist
A¢ = [wT,vT]T. Stage-wise clinical constraints are enforced over the adjacent
tooth-pair set E,qj (Section 2.4).

2.2 Trajectory Stabilization Strategy

Training a virtual trajectory from only pre-/post-treatment data can lead to
trajectory collapse—manifesting as excessively large per-step movements or fail-
ure to converge toward the target. In real orthodontic treatment, all teeth move
progressively across stages—magnitudes may vary, but no single tooth should
dominate. We address both through per-stage movement distribution regular-
ization and geodesic pseudo-target supervision.

Per-Stage Movement Distribution Regularization We normalize per-
tooth movement magnitudes mgk) = HAEZ@H into a probability distribution
via softmax and minimize its cross-entropy against a uniform target u; = 1/N,
encouraging equal contribution from all teeth at each stage:

K (k)

N
1 exp(m
Liove = § <_N § 1ngz(‘k)> > pz(‘k) Y (
=1

ot SN exp(m!®) W

Geodesic Pseudo-Target Supervision Let log : SE(3) — se(3) be the ma-
trix logarithm with principal branch in [0, 7). Stage-wise pseudo-targets inter-
polate the SE(3) geodesic from I to T

77 = exp (£ log T7) (5)
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with supervision via the left-invariant error averaged over all teeth:
N K
_ (k)y— 1 (k) —
step = N Z Z k Hlog T ) T )Hl’ LTSS - Lmove + Lstepa (6>

where py is set to 1 throughout training, and rotation/translation components
are normalized to comparable scales. Both supervisions are applied only in the
early training phase via a cosine schedule.

2.3 Progressive Self-learning from Intermediate States

Clinical tooth movement is effectively continuous [14-16], whereas our predictor
models it as a discrete K-stage process. To embed denser movement dynamics,
we reuse intermediate configurations as new starting states and retrain the model
to predict the remaining motion with another K-step rollout. After the main
rollout, intermediate transforms {7 i(k) }520 are recorded via a stop-gradient path:

TP —sg(T), XV =10 x} (7)
where Xih denotes X; in homogeneous coordinates. Each restart defines the
remaining motion as

k = (k)Y — L
Ti(,rgm = (T;( )) ,‘Tl . (8>
The model is trained from ka) to predict Tz(rgm using the same objective as
the main pass, enforcing consistent refinement from a dense set of partially pro-
gressed states.

2.4 Stage-wise Clinical Constraints and Training

A key advantage of progressive tooth movement modeling is that it enables
direct evaluation at intermediate stages, allowing clinical constraints—such as
preventing inter-tooth collision, maintaining the occlusal plane, and avoiding
excessive interproximal gaps—to be enforced at every intermediate stage. At
each stage k, we compute a clinical energy on {ka)} over the adjacent tooth-
pair set Eaqj:

k k k

C’.g" ) = )\interLi(nt)er + )\OCCLgCC + )‘SPaCiﬂngp)acing’ (9>
where Linter [11] penalizes inter-tooth collision and interpenetration; Loc. [6]
penalizes deviation from the occlusal plane; and Lgpacing [7] penalizes excessive
interproximal gaps between adjacent teeth. £.qj consists of consecutive tooth
pairs in both jaws and is fixed across all stages.
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Training Objective The final-stage alignment loss combines the ADD point-
distance metric and AAE geodesic rotation error, following [7]:

N
1 N .
LG = & D [Map davn(T T7) + Maan daas(TLT)]. (10)

=1

The full training objective is then defined as

K
K k
L= La(Llig)n + ArssLTss + Aclin Z W C(T ), (11)
k=1
with wg = 1 throughout training; Arss and Acjin control the contribution of each
term.

3 Results

3.1 Experimental Setup and Comparisons

We conduct experiments on a public I0S dataset [6] of 837 paired pre-/post-
treatment IOS samples with per-tooth segmentation, using a 670/167 train/test
split and reporting mean =+ std over 5-fold cross-validation. We train for 500
epochs (batch size 32) with N=512 sampled points and normalized inputs, op-
timized by Adam (Ir 1.5 x 107%, weight decay 10~%). Our sequential refine-
ment uses an S4-style SSM [21] with rollout length K'=21; intermediate-state
re-training uses a micro-batch of three and is enabled from epoch 200, with T'SS
applied only in early epochs to provide an initial scaffold without constraining
later fine-grained optimization. We evaluate using ADD/AUC, ADD (mm), AAE
(degree), MERot (degree), and MEmyans (mm). We compare against TANet [7],
TAlignNet [8], PSTN [9], and STTAlign [6]; these baselines perform one-shot
transformation regression, whereas ours performs progressive movement model-
ing (ProMoT) with stage-wise constraints and TSS for intermediate corrections.

3.2 Tooth Alignment Performance

Table 1 summarizes quantitative results. Our method achieves the best overall
performance, reaching an ADD/AUC of 0.863 + 0.049 and an ADD of 0.794 +
0.058 mm, with consistently low AAE, MEgRy, and MEr.,.s. Relative to the
strongest baseline STTAlign [6], our approach improves ADD/AUC by 2.3% and
reduces ADD by 3.2%. Notably, the gains are not limited to point-wise proximity:
we also reduce AAE by 13.8% and MEryans by 4.7%, indicating improved arch-
level consistency and motion accuracy under clinically relevant constraints.
Fig. 3 shows qualitative comparisons. One-shot methods often yield mis-
alignment and inter-tooth collision in challenging cases. STTAlign [6] produces
globally more coherent arrangements but leaves localized errors, consistent with
the absence of intermediate constraint evaluation. In contrast, our method more
closely matches the ground truth, maintaining a geometrically consistent arch
form with minimal collision, qualitatively corroborating the effectiveness of stage-
wise clinical constraint enforcement along a progressive movement trajectory.
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Fig. 3. Qualitative comparison of alignment results produced by different methods
along with the ground truth. The red boxes indicate regions where common orthodontic
issues typically occur (e.g., protrusion and inter-tooth spacing).

Table 1. Evaluation of tooth alignment performance (mean + std). Best results are
highlighted in bold.

Method ~ |ADD/AUCt ADD | AAE | MEgRoi & METvans 4
TANet [7] 0.68140.082  1.4764£0.121 1.89440.213 8.89441.053 3.40040.418
TAlignNet [8]| 0.70440.078 1.426+0.139 1.773+£0.217 7.776+1.286 2.892+0.381
PSTN [9] 0.754:£0.061  1.23140.155 1.22140.149 11.92241.511 3.58640.263

STTAlign [6] | 0.844+0.064 0.8204+0.103 1.136+0.117 3.1364+0.730 1.836+0.169

Ours ‘ 0.863+0.049 0.794+0.058 0.980+0.109 3.121+0.661 1.750+0.163

Virtual Trajectory Visualization Fig. 4 visualizes virtual progressive tra-
jectories generated by our framework on representative cases. In spacing cases,
interproximal gaps are reduced gradually across stages while avoiding colli-
sion, reflecting direct regulation of tooth-to-tooth interactions by stage-wise con-
straints during refinement. In protrusion cases, the trajectories exhibit smooth
curved paths rather than piecewise-linear displacements typical of one-shot or
coarse updates, suggesting that TSS supports smoother intermediate dynamics.
Intermediate-state re-training further supports denser trajectory refinement, re-
sulting in more continuous trajectories that approximate smooth tooth move-
ment.
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Fig. 4. Progressive tooth alignment over steps. As the step index increases, the denti-
tion is gradually rearranged toward a plausible final configuration. In the upper case,
teeth come into closer contact while the posterior gap is reduced. In the lower case,
the teeth form a clear movement trajectory and are iteratively aligned across steps.
Here, T™ denotes the predicted tooth transformations at the k-th step produced by
the SSM, where k € {1,2,3,4} corresponds to steps {5, 10, 15,20}, respectively.

Table 2. Ablation study with sequential component additions.

Method ADD/AUC 1t ADD | AAE | MEgo | METans 4
Baseline (PointNett+ [20]) 0.6421 1.6206 2.1203  12.3007 3.9505
+ Progressive modeling 0.7650 1.0806  1.4208 5.2001 2.1504
+ Stage-wise constraints 0.8107 0.9501 1.2803  4.3002 1.9801
+ Trajectory module 0.8267 0.9141 1.1303 3.7662 1.9241
+ Self-learning 0.8631 0.7938 0.9802 3.1209 1.7502

3.3 Ablation Study

Table 2 validates the role of each component by incrementally extending a one-
shot PointNet™* [20] baseline. The dominant improvement comes from progres-
sive modeling: decomposing large displacements into bounded stage-wise SE(3)
updates increases ADD/AUC by about 19% and reduces point-wise error by
roughly one third, while cutting rotation error by more than half, indicating that
step decomposition is crucial for nonlinear rotations. Adding stage-wise clinical
constraints yields a further, consistent gain (about +6% in ADD/AUC) by in-
jecting intermediate feedback that suppresses rotational overshoot and prevents
collision /spacing violations from propagating to the final configuration. The TSS
module primarily stabilizes early trajectory learning and provides a reliable scaf-
fold for later refinement; its standalone effect is modest once progressive mod-
eling and constraints are present, but it complements progressive self-learning.
Finally, self-learning densifies intermediate states to produce smoother and more
continuous refinement, delivering an additional ~6% ADD/AUC gain and the
lowest motion errors overall.
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4 Conclusion

We address the core limitation of one-shot tooth alignment—its inability to re-
flect the progressive nature of clinical orthodontic treatment—and propose a
framework that models a virtual progressive tooth movement trajectory from
pre-/post-treatment data alone. By enforcing clinical constraints at every inter-
mediate stage, the framework models progressive tooth movements in orthodon-
tic treatment, demonstrating reliable and precise alignment even in complex
tooth movement cases. However, the generated virtual trajectories remain lim-
ited by the absence of actual intermediate scans. Future work will focus on
validating these trajectories with intermediate clinical data and extending the
framework to recent diffusion- and Transformer-based models and more diverse
orthodontic cases.
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